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Hydromagnetic Taylor-vortex flows of liquid metals, subjected to an axially applied
magnetic field, are considered. The supercritical state of flow is treated by means of
perturbation method with multiple scale expansions in time and space. Results show
that the supercritical state of flow is significantly affected by the imposed magnetic
field. Calculations on finite equilibrium amplitude of Taylor vortices are compared
with experiment. In the case of Taylor-Couette flows between insulating cylinders,
good agreement is found between theory and experiment, while, in the case of electro-
magnetically driven flows between steady conducting cylinders, disagreement occurs
once magnetic field effects become significant. These results are discussed.

1. Introduction

Hydromagnetic Taylor vortex flows of liquid metals have been extensively studied.
However, most papers are concerned only with the first bifurcation of such flows. Tt is
known from Chandrasekhar (1961) and Chang & Sartory (1967) that the first instability
in liquid metal flows between infinite concentric cylinders, subjected to an axially
applied magnetic field, is dramatically affected by the conductivities of the cylinders.
When cylinders are insulating, Taylor cells elongate in the direction of magnetic field
lines (as shown by Chandrasekhar) while, in the other case (conducting cylinders),
Taylor cells generally contract in the axial direction (Chang & Sartory 1967). Also of
importance is the stabilizing effect of the applied magnetic field, which is found to be
much stronger in the conducting than in the insulating case. So far, hydromagnetic
Taylor-vortex flows exhibit profoundly distinect features depending on the conduc-
tivity of the cylinders.

Above transition, hydrodynamic stability theory predicts that Taylor vortices grow
exponentially with time and attain a finite equilibrium amplitude once nonlinear
effects become significant. In the case of magnetohydrodynamic flows of liquid metals,
similar processes occur; however, constants of the flow above transition are profoundly
affected by the magnetic field. In an earlier work, Moffatt (1962) calculated the
expression of those constants in the case of Taylor vortex flows between rotating
cylinders in the presence of a toroidal magnetic field. Flows considered herein are
subjected to an axially applied magnetic field; they are driven either by the rotation of
the inner cylinder, the outer one being at rest, or by a constant transverse pressure
gradient.

The mathematical method involved in the present paper is based on a perturbation
scheme in terms of a small parametere with multiple scale expansions in time and space;
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to first order, ¢ reduces to the discrepancy [(7'/T,)}—1]# in which 7 is the Taylor
number and 7}, is the critical value of 7'. Further theoretical results are compared with
experiments, in which measures are obtained, either on the torque required to maintain
the flow (Donnelly & Ozima 1962 in the Taylor-Couette case), or on the mean spatial
azimuthal motion (Baylis 1962; Tabeling & Chabrerie 1981 a for electromagnetically
driven flows).

2. Equations of flow

Consider isothermal liquid metal flows between infinite concentric cylinders, as
shown in figure 1. The radii of the cylinders are R;, R, (with B, < R,), and the gap
d = R,— R, is supposed to be much smaller than R,. The flow is subjected to a constant
uniform magnetic field B, directed axially and the fluid is driven either by the rotation
of the inner cylinder at constant angular speed €,, or by a constant transverse body
force K. The latter is formally written as K = R{(0P/d0), where P is the pressure and
6 is the angular co-ordinate. Two cases are considered: (I) all cylinders insulating and
(C) all cylinders perfectly conducting. We suppose that the flow is axisymmetrie, so
that all derivatives 0/90 are set equal to zero, except that for the pressure P.

Equations of flow under the assumptions of small magnetic Reynolds numbers
R, = ou,U*d (where o, uy, U* are respectively the fluid conductivity, the vacuum
permittivity and a characteristic velocity scale), and small magnetic Prandt] number
F,, = opyv (where v is the kinematic viscosity) have been established in previous
papers (see Tabeling & Chabrerie 1981a, b, or others); we have

aUR 8UR 8U; Uy 10P oB}
o, aU,, 8U, K B,oH,
2 7
o +UR UzaZ p+p w7t vAU,, (2)
Uy oU, oU, 18P
% +UR +Uz 7 —paZ+VAUZ’ (3)
oU,
AH0+0B0—5Zi’ =0, (4)
and
Uy U,
X Tz (6)
with

A = 22/0X2+ 2/ 6272.

In (1)-(5), Ug, Uyand U, are the velocity components, P is the pressure, and Hyis the
azimuthal component of the induced magnetic field; ¢ is the time, Z is the distance
along the cylinders’ axis, and X = R — R, (where R is the radial co-ordinate); p is the
density of the fluid.

The boundary conditions are:

Up=U;=0, Up=QR,, Hy=0(casel) or 0H,/0X = 0 (case C)
on X=0 and X =4d. (6)
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Ficure 1. Schematic diagram of the flow.
Equations (1)-(5) admit an exact solution UQ, HQ, PO calculated to be
U = 5% X(X —d)+Q,B(1- X/d), PO = KOR, +£—1 f : U92dX and HY =
(7) defines the laminar primary flow. w

The governing equations for axisymmetric perturbations to the primary flow as
defined in (7) are found to be (in dimensionless form)

0 0 0 d
g;_—’+ur—a%’+uz—a% = —%—Qur+Au,+T%u(3)u6+%u§, (8)
duy du, duy 0k : du'Q
-5;+u,5;+uz 5 Q—a;-i-Aue—T U, preat (9)
ou, ou, ow, op
—a—T—+u,—x+uza—z— az+A’u2, (10)
0
Ah6+-33‘z_‘9 =0, (11)
and ou. s
0
2o, (12)
where now A = 9%/0x% 4+ 9%/92%, and
uy= U3, = (U= U aoR/r, wy =Ty

hy = Hy(28)8/ovB,, x=X[/d, z=2Z/d, 1=nvt/d?
w =UQ/U, T =2U%d?*/v? (Taylor number),

Q = oB2d?/pv (Chandrasekhar number) and &= % (curvature ratio),
1

(13)

where U, is a velocity scale which we shall define later. The boundary conditions are

oh,
U, =ug=1u,=0, hy=0(casel) or —a—;=0(case0) on x=0 and x=1.

(14)
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3. Linear stability analysis
We consider infinitesimal perturbations of the form:
U, = u(x) eAT-}—’I:aZ’ Uy = 1)(.’17) eA7+iaz, u, = —'7:?1/’(:1?) eAT+iaz
p =m(x)ehrtiaz and  h, = —th(x)erTHOZ, (15)
in which A is the linear growth rate of disturbances and a is the convective wave-
number. The linearized form of perturbation equations (8)-(12) reduces to
[(D?—a?)2— A(D?—a?) + Qa?]u = ThauQ(D?—a?)h,
[(D%—a?)?— A(D?—a?) + Qa2]h = TtaDuQu, (16)
together with
u=Du=(D2~a?)h =0, h=0(casel) or Dh =0 (caseC) (17)
on z=0 and x=1,
where D = d/dz.

The eigenvalue system of equations (16) defines the linear growth rate A as a function
of Q,aand T,i.e. A = A(Q,a,T). Assuming that the principle of exchange of stability
holds and the marginal state is stationary, we set A = 0in (16) and obtain the governing
equations for the marginal state in the form

A$; =Tt AP, (18)
with
o (D% —a?) + Qa? 0
B ( 0 (D*—a?)?+ Qaz)’
and
0 au'P (D?— a?)
% = (aDu(g’ 0 ) (19)

In (18), ¢; = (Z’) and T} denote respectively the jth eigenvector and eigenvalue. The

7

adjoint problem of (18) is /¢; = 7} Z¢;, in which ¢, is the adjoint eigenvector while
4 is calculated to be:

~ 0 auQD

= (ar-anpuyy o ) )

The eigenvectors ¢; and ¢, satisfy the orthogonality relations in the form

(M@MHK@%MMW%- (22)

The eigenvalues of (18) constitute an infinite denumerable sequence of real numbers
which can be ordered such that, for given ¢ and a,

Tipn2T; for j>1.

It follows that the critical Taylor number 7, and critical wavenumber q, satisfy the
relation 07} /oa = 0 for T} = T, and a = a,. The latter condition can be rewritten in the
form ($,]| 2, |4,) = O (see (18) and (22)), where 2, is defined as

( —4a(D?—a?) + 2Qa —Ttau® )

9, =
! —TEDu® —4a(D?—a?) + 2Qa
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When 7 slightly exceeds 7, the linear growth rate can be expanded in the form

AQ a,T) = ¢(@) [(T/T)t ~ 1]—c,(Q) (a—a,)?, (23)
where .
Gy = (§51| %z ]¢1)/(¢1l f|¢1)’ (24)
and
01 = (CO/TL‘) (azT/aaz)a=ac’ (25)
with
DZ—q? 0

Tt follows that A and (@ —a,) are respectively O(e2) and O(e) if T}/T% — 1 = O(¢?) near
the onset of instability.

4. Nonlinear analysis near criticality

The nonlinear state of low near transition can be investigated by a perturbation
method in terms of a small parameter ¢. Expanding w(u,, u,, u,), D, b, and T as series in
ascending powers of ¢, we find

u = eu®+c2u® 4 Bu® . (27)
p= ep(l) + €2p(2) + €3p(3) + ... (28)
hy = ch® + 62h® + 3O 4 .. (29)
and
T — TC% +2T® 4 ST 4 (30)

Owing to (30) we can arbitrarily set 7@ = 7% without loss of generality. In view of the
asymptotic behaviours of A and a near transition (see (23)) we consider a slowly
varying process with characteristic time and length scales O(¢~2) and O(¢~1) respec-
tively, and hence introduce the following variables:

and (31)

To=T, Ty=€%1, 7,=2¢€%, etc. }
2o =12, 2z =¢eSx, 2,=¢28%, etc.,

where S is a constant which we shall determine.
According to (31), the multiple-scale expansions of the derivatives 8/dr and /02
are respectively

ofor = 0/0Ty+€20/0Ty+ ...
and (32)
0)0z = 0/02,+6S0/02 +€2820/0z,+ ...
Expanding u, p and A, into Fourier series, we now find:
l=+o© . \
ul™(x,2,T) = 1 S B, 2gy ey Tos Toy -.. ) €88c%0,
= w0
l=to ]
wP(x,2,7) = z Y MN(&, 20, 000y Tg, Toy -. ) €887
=—0w
. l=+w N
wM(2,2,7) = (—1) X D@, 20 ..., Ty Tay ... ) €85, (33)
l=—c
l=4@ .
PP, 2, T) = X PR, 2 ey Tos Toy - ) €8c0,
{l=—
and L=t .
P (x,2,7) = (—1) M@, 2y, 000y Toy Tgy o) €105,
oo

i

I
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Since u{™, u®, u{™, p™ and A are real, it follows that
M = aME B = DR B = IR M = HU* and W = — ho

for any I and #. To first order, the parameter ¢ reduces to [(7'/7,)} — 1]} as shown by
equation (30).

We now substitute (27)-(33) into the full nonlinear equations of flow (8)-(12) and
identify in them each power of ¢ and each Fourier component as introduced above.
Forn =1and! = 1, we have
[(D?—a?)?+ QaZ] ufd = Tha,uP(D?—a2) hP

} (34)
(D?—a2)?+ Qa] AV = Tha, DuP u®,

ud = Duf) = (D2—a?)hV =0, and A{ =0(caseI) or Di{M = 0 (case C)
on z=0 and xz=1, (35)

A0 = ARy ..., 7oy Tyy - )ud and AP = A(zy, ..., 7, Ty ... ) AP

The system of equations (34) together with (35) is equivalent to the characteristic
value problem (18) defined in § 2.
Turning to the case n = 2, [ = 0, we find

u(ll) Du(ll) = — Dps)z) - ngz) + Dzuf,z) + Tiu‘g)vf,z) 4 v(ll)z / 2,

ADPA) = P — Thu® Duy (36)
and
D@ = D2h{P = Du = 0,
together with
up = ofp = ufd = 0,
and

hP = 0 (case (I)) or Dh® = 0(case (C)) on =0 and =1,

in which we have
o = 4 |A2u, 2P =4|A4|20, ete.

Equations (36) give u{® = w® = A = 0, and
@ = 1 (7 0,0 !
% =5 . uPvildae —x . uPoiPdx |, (38)

The case n = 2,1 = 1 leads to an equation of the form

— 2a, (04 [0z,) (9511 D, |¢1) =0, (39)

¢y it

u . @

P = ( ! ) and @ = ( b )

1 1 1 ~(1
RP i

are the eigenvectors of system (34), (35) and of its adjoint respectively. Owing to the
choice of the eigenvalue 7, and the wave number @, as defined in § 2, the equality (39)
is clearly satisfied.

where
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Forn =2,1= 2, wefind
(D2~ 4a2)? + 4Qaf] u — 2T4a, uP(D? - 4al) BY
= DD - (Duf)] + [(D*~a?) AV
and (40)
[(D®~ 40)? + 4Qu2) A — 2Tk a, DuPu?

= u{(D?—a2) DA — Dud(D? — a2) hY,

together with
u® = Du? = (D2—4a)h{? = 0
and
h® =0 (case (I)) or Dh® =0 (caseC) on z=0,1 (41)

where we have 2@ = 24%u$® and AP = 242hP. Now for n = 3 and | = 1, we find

(after some algebra)
[(D? - a2)? + Qa2] 4 — Tt a,uQ (D?— a2) hP
= (04 /01, — 82 2%A [ 02,) (D% — a2) uiV + AuQa (D? — a?) h{P
— A|A|2{3a2uP Du@ + 6au® Dufd — 20{Ma (v + 20{)
— DD — 2uP D2P + DuPDuP}, . (42)
and
[(D?~ a2+ Qa?] AP - Tha, Dua?
= (04 /or,— 5224 /822) (D% — a2) h{Y + Aa, DuPu
+A)AJ? ac{4u§1)va,2) + 2uV Dv@ 4 2ul? Do® + 40P DulV + v{l)Dugg)}, (43)
with
o — Da® — (D>~ a2) AP
and
h® =0 (caseI) or Dh® =0(caseC) on 2=0 and z=1. (44)

Equations (42)-(44) can be rewritten in the following form
(A ~TEB) PP = (04 )ory— S A )0:2) KD + ABPD + A |A|2y P,  (45)

0
1
h{p

3a2uP Du + 6aiu® Duld — 20Pa (v + 20)
Y = — D(uP D@ — 2u$® Du® + DuP Du?)

4uP Do + 2uP Do + 2uP Do + 40P Du + v Du®
The solvability condition applied to (45) leads to the equation
(04 /07y~ 82824 /023) (S| K |$°) + A(S°| B |¢) + A [A2 (3P| ¢) = 0. (46)

Now identifying linear terms in (46) with the expansion (43), leaves S = (¢;/c,)? and
hence the amplitude equation for the velocity disturbance is found to be (to the

relevant order)
o4’ T\} 2\ 4 Y
T = lol() 1] regm 4 a1 )

C

in which

and ¥{¥ is defined as
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where 4’ = [(T/T.,)t—1]4, and where ¢, = (|y®)/($®°] K |¢{?) is the amplitude
saturation parameter due to nonlinear effects.
The stationary equilibrium amplitude of the disturbances is governed by the
equation
£20241/02% = —cA' + A3 /A (48)
with
Ay = (cafco)t and £y = (c;/co)t. (49)

Equation (48) defines 4 as a function of the distance z and a reduced penetration length
£ = £,(2/€)t. On physical grounds, equation (48) means that the amplitude of the
Taylor vortices is slightly modulated throughout the annular space, on account of
end-wall effects. In the case when the aspect ratio L/d is large (i.e. L/d > £, where L is
the cylinder length), 4(z,§) is virtually constant in the major part of the duct, and
decreases to zero in small boundary layers near the end walls. Such regions have O(§)
as characteristic length scale. In such conditions, the mean spatial properties of the
flow (such as the velocity flux) are approximately the same as in the infinite case.

It is clear that equation (48) givesan incomplete description of finite-cylinder effects
on the flow above transition. Realistic description of such effects requires careful
statement of the linear stability problem: see Blennerhasset & Hall (1979) or others for
studies on the subject in absence of magnetic field.

Now we are in position to calculate stationary spatially average quantities, such as
the torque @ exerted along the inner cylinder and the mean velocity U, calculated
throughout the annular space. Assuming that we have d/L ~ 0 we find:

L{2
G = 2nRyLj f o (/0 X5 Lo = 2B LT, pw/4Du) o (1411 = (T3 T,

(50)

and
U =L f ‘ f U, 2y dwdz = U,y {1 + k[ L= (T,/TY} (51)

m—LdO—L/20, = Ye [ ¢ ’
in which

¥ = (co/00) THDUP) o/ (DUP) 1o, (52)

and
K = (co/03) T (o /(uP). (53)

5. Numerical method of solution

The numerical method of solution used for determining eigenvalues and eigenvectors
of (18) has been described in a previous paper (Tabeling & Chabrerie 1981a). The
method consists in rewriting (18) as a first-order differential system including eight
functions, and solving this by the Runge-Kutta—Gill method.

Eigenvalues T are then calculated in such a way that solutions of (18), obtained for
a given set of boundary conditions, are linearly dependent. Further, the ecritical
Taylor number 7, and critical wavenumber are simply calculated as those values of
T; and a defining a minimum point on the neutral curves. Once the critical point is
found, the adjoint system (20) and the equations (40), (41) are solved by means of the
Runge-Kutta—Gill technique, the various integrals involved in the problem being
calculated by simple trapezium rules. The resulting accuracy on g, and 7} is 102 and
10~% respectively, and that on ¢, ¢, and c, is better than 4 x 10-2.
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6. Numerical results
6.1. Taylor-Couette flows between insulating cylinders

In the case of Taylor-Couette flow without a transverse pressure gradient, the velocity
scale U, is simply Q, R, and hence the Taylor number is defined (see (13)) by

T = (O, R, d/v)*d/R,.

Hereafter we present calculations on Taylor-Couette flows between insulating
cylinders, in the range 0 < @ < 10%. Results on the critical point (7, e,) are found to be
in excellent agreement with previous numerical studies (Chandrasekhar 1961), over
the entire range of values of @ considered. Asymptotic laws obtained at large values
of @) are

a, = 15-1Q~% and 7T, = 107-2Q,

which shows that Taylor cells tend to elongate along magnetic field lines when @ is
increased.

Coefficients ¢, and &,. Figure 2 shows the coefficients ¢, and &, = (¢, /co)} versus @,
calculated from equations (24) and (25). At @ = 0, results on ¢, and §, are in excellent
agreement with calculations of Davey (1962), and Yahata (1977), performed on the
same flow without the magnetic field. Curves in figure 2 show that both ¢, and &,
increase when ¢ is increased, although in different ways. Asymptotic laws deduced
from the present study are

Co—> 432 and £~ 4103,

when @) tends to infinity. Asymptotic behaviours as found above can also be deduced
from order-of-magnitude arguments. On physical grounds, the present resultsshow that

(i) the characteristic time scale of the marginal state is, for a given discrepancy
¢ = (T/T,)* -1, the viscous time d2/;

(ii) finite-length effects penetrate the flow through a distance of a few cells, multi-
plied by a factor (2/¢)?.

Effect (i) is clearly explained by the fact that, at the onset of instability, Joule and
viscous dissipations have the same order of magnitude and, hence, involve a single
characteristic time scale, i.e. d%/v for the marginal state.

Disturbance velocity profiles. Velocity profiles §{? T5¥ calculated for Q = 0, 104, and
with d/L = 0, are shown in figure 3. Curve (a) obtained when @ = 0 is in excellent
agreement with results of Davey (1962). When ) is increased, the level of the first
harmonic of the velocity disturbance slowly increases: however, numerical results
indicate that the harmonic remains small in comparison with the fundamental and
hence no dramatic increase in the harmonic content of the flow, due to the magnetic
field, occurs in this case.

Torque exerted along the inner cylinder. Using formula (50) we find:

G = 2nR3Q, Lij /X1 +y[1 — (T,/T)}1}, (55)
where
1
y = -2-C—°T;5f u{d vV de. (56)
Co 0

Figure 4 represents the curve y(@); it turns out that the magnetic field tends to reduce,
by a small amount, the relative increase in the torque due to the cellular motion. At
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FIGURE 2. Graphs of ¢, and &; against the Chandrasekhar number @ in
Taylor-Couette flow case and when cylinders are insulating.
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F1reureg 4. Torque coefficient y versus Q.

@ = 0, we find y = 3-05 (which is in excellent agreement with Davey’s results) and,

when @ becomes increasingly large, we find that y — 2-3.

Also shown in figure 4 is the torque coefficient calculated by Stuart’s energizing
method (Tabeling & Marsan 1980). Results obtained by the two methods appear to be
rather close together, since the discrepancy between them is at most 12 9,. Such a
feature is due to the fact that, in the case of Taylor-Couette flow between insulating
cylinders, the governing operator for linearized stability is nearly self-adjoint (as
shown by Chandrasekhar 1961) and the harmonic content of the flow remains small

(as pointed out in § 6).
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6.2. Pure pressure-driven flow between conducting steady cylinders

In the case of pure pressure-driven flow between steady cylinders, we impose
U, = Kd?/2j as the velocity scale, and therefore the Taylor number 7' and dimension-
less laminar primary flow 4@ (x) are respectively

T = 2(Kpd®/27*)2d/R, and uP(x)= x(1—z).

Further we shall restrict ourselves to the case of flows between perfectly conducting
cylinders.

Linearized stability of the flow. The characteristic-value problem (18) has been solved
in the range 0 < @ < 1100. Resulting neutral curves obtained for various values of
@ are shown in figure 5. At = 0, the critical value of the Taylor number is found to be
in excellent agreement with that calculated by Di Prima (1964). At moderate values
of Q, the two lowest branches of the neutral curves consist in a single loop which rises
up and recedes to the right of the figure as @ is further increased. In contrast with the
preceding flow (Taylor-Couette flow between insulating cylinders) the critical wave-
number increases with @ and hence Taylor cells contract along magnetic field lines
when the magnetic field is increased. On physical grounds, this feature has been fairly
justified by Chang & Sartory (1967), who showed that, when cylinders are conducting,
elongation of the cells does not tend to minimize Joule dissipations. Higher-order
modes have not been calculated in detail. However, it turns out that the corresponding
neutral curves generally lie above those related to the first two modes. Note that this
result means that, if it were possible, in an experiment, to control the wavenumber,
one could reach purely laminar states of flow with 7' > T,.

It is possible to argue from equations (18) that reasonable estimates for a, and 7,
are given by a, = O(@Q?) and 7T, = O(@}) when @ is large (see Tabeling 1980) and the
reduced characteristic length scale for the marginal state of flow is 0(17% JoiB,) and
not O(d).

Coefficients ¢, and £,. Coefficients c, and £, are represented by curves of figure 6. In
contrast with previous results on Taylor-Couette flows between insulating cylinders,
¢, significantly increases with @; numerical estimates indicate that ¢, is roughly pro-
portional to @ over the range 300 < @ < 1100. According to this, the characteristic
time-scale for the marginal state of flow is [(T'/7})} — 1] p/o0 B} when @ is large, and not
[(T'/T,)} — 1]d?/v. Physically, such a feature should be viewed as a damping effect of
disturbances by the magnetic field.

In figure 6, the curve for £, decreases when € is increased. Such a decrease is clearly
related with the contraction of Taylor cells along magnetic field lines when @ is
increased, as mentioned above. Still in this case, end effects penetrate the flow over
a distance of a few cells, multiplied by a factor (2/¢)}.

The fundamental and the first harmonic of disturbances. Figure 7 shows for various
values of @ the fundamental 9 7'7% and the first harmonic 8® 7';% of the trans-
verse velocity perturbation. When € is increased, velocity profiles recede to the
right of the figure. Although the level of the first harmonic #27'; ¥ decreases with ),
present calculations indicate that the shear stress Dd@. T % gignificantly increases
with @ near the outer wall z = 1. Following Davey (1962), we can separate the satu-
ration coefficient ¢, into two parts (see (45))

Cy = Cgq1 + Cog,
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Ficure 5. Neutral curves for pressure-driven flows between steady conducting cylinders,
for various values of Q. (a) @ = 100; {b) @ = 500; (¢) @ = 800; (d) @ = 1000.
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Freure 6. Graphs of ¢y and £, against the Chandrasekhar number @ in the case of
pure pressure-driven flows between conducting cylinders.

A
4\
0-16 ., 008+
I
T, =~ -
& 0-12 © A ©
- C o
—~ 0-08 N 0+ —v— z
< (b) (b) 1 x
0-04 » - @
a
0 ~008 -
1 x

Ficure 7. Profiles of the fundamental and the first harmonic of the transverse velocity
disturbance for various values of Q. (a) @ = 0; (b) @ = 300; (¢) @ = 1000.
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F1Gcure 8. Curve of the mean velocity coefficient x as a function of @ in the case of pure pressure-
driven flow between conducting cylinders and calculated by two methods. Solid line, pertur-
bative method ; dashed line, Stuart energizing method.

in which _
o = (= 4,000 VP + 4 Dufp FY)
and

Cog = (AP [3aZu{’ Du® + 6aZuP Dud — 2a,v{) vP]
— D(uP D2 — 2uP D2V + Dud Du)]
+EP[2u{ Do + 2u@ Do + 40P Du® + v Du@1d.

Cop; and ¢,, represent the distortion of the mean motion and the generation of the
harmonic respectively. The present calculations show that c,, is positive over the
entire range of values of ¢ considered, so that we find that energy is extracted from the
mean flow to the fundamental. Now ¢,, is found to be negative so that the harmonic
supplies energy to the fundamental. Values of the ratio cy,/cy, are listed in table 1;
C99/C40; first increases with ¢ in the range 0 < @ < 700, and then slowly decreases. Its
maximum value — 0-52 is considerably larger than its value at @ = 0, i.e. in absence of
the magneticfield. On physical grounds, this means that the magnetic field dramatically
reinforces the harmonic content of the flow above transition. Such a feature contrasts
with that found in Taylor—Couette flows between insulating cylinders, in which the
harmonic has little effect on the flow in the supercritical state. Further calculations,
performed in case of pressure-driven flows between insulating cylinders, exhibit a
similar increase in the harmonic content of the flow when € is increased, so that this
effect is not strictly related to cylinders’ conductivity.
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The mean velocity of the flow. Returning to formulas (51) and (53), we find

1 1 (L2 Kqgz2 TN}
U, = mfo f—-L/2 Up(x,2) dedz = 127 {1 +K (1 - (7—,) )}, (58)

1 z 1
/<=6—c-‘-’£l’;i [f (f uvdx)—--l—f uvdx], (59)
€y o \Jo 2Jo

Figure 8 represents the function — (@), which is found to be everywhere positive;
k(@) first increases (in absolute value) in the range 0 < @ < 700 and further decreases.
A mean velocity coefficient (similar to «) had been previously calculated by means of
Stuart’s energy approach (Tabeling & Chabrerie 1981a); the latter is also represented
in figure 8. It turns out that the discrepancy between the two curves is significant;
such a disagreement between the two methods is clearly due to the fact that, in the
case of pure pressure-driven flow, the harmonic content is significant and the govern-
ing operator for linear stability problem cannot be approximated by a self-adjoint
operator; it follows that, in this case, Stuart’s energizing approach is imprecise.

with

7. Comparison with experiment
7.1. Taylor-Couette flow between insulating cylinders

Donnelly & Ozima (1962) have performed experiments on Taylor-Couette flows of
merecury between two long Perspex cylinders, the inner one rotating and the outer one
stationary. The dimensions of their apparatus were

R, =19cm, R,=20cm and L =10cm,

so that the curvature ratio é = d/R is small. Figure 8 shows experimental results on
the ratio
i*/7e = G/2n R LOy 7%, (60)

as a function of the angular speed , for given values of . In (60), % is the experi-
mental critical value.for the effective viscosity 4*. Due to Hartmann end effects, the
latter is slightly larger than the mercury viscosity. Using (54)-(56) and (60) then gives
for 7* /7% an expression of the form

F*/7E = 1+y(1 - Qi /D), (61)

in which Q,,is the critical value of Q, at the onset of instability. Theoretical curves (61)
are represented by solid lines in figure 9. At ¢ = 0, experimental points leave the
theoretical curve slightly above transition. This corresponds to the onset of wavy
vortices, as shown by Stuart (1971) or others. When @ is increased, good agreement is
found between theory and experiment over an increasing range of values of Q,.
Departures of experimental points from the solid lines probably correspond to further
instabilities; in any event the onset of wavy vortices clearly appears to be significantly
inhibited by the magnetic field. Thus, in the present flow, theory and experiment are
found to be in good agreement over the range of values of Q, for which we expect the
method to be valid.
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FicuzrE 9. Comparison between theory (solid line) and experiments in the case of Taylor-
Couette flow between insulating cylinders. A, @ = 0; +, @ = 180; O, @ = 652,

7.2. Pressure-driven flows between conducting cylinders

Tabeling & Chabrerie (1981b) have performed experiments on electromagnetically
driven flows of mercury between two long steady copper cylinders in the range
20 < @ < 1083. In their experiments, the total electromagnetic driving force Byld
(where I is the current flowing from one cylinder to the other) gives rise to a constant
transverse body force

K = ById/2nR, L,

as defined in § 2. The dimensions of the apparatus are
first group: Ry, =40cm; R, = 4-05cm; L = 394 cm;
second group: R, = 3-9075cm; R, =3-9475cm; L = 1-3cm.

Figure 2 shows the ratio
*/7t = Byld®/4nR, Lijz U, (62)

as a function of the total driving force B, Id, for various values of Q. In (62), 7% is the
critical value for the effective viscosity 7* = B,Id*/4nR, LU, . As in the preceding
section, experimental values of 7¥ are slightly greater than the mercury viscosity; this
is essentially due to Hartmann end effects. In the present experiments, critical points
of instability are found to be in good agreement with results of linearized stability
theory for axisymmetric stationary disturbances over the range 0 < @ < 1100.

Now turning to the supercritical state of flow, and noting that d/L is very small in
these experiments, we use (57)-(59) and (62) to find

7*/n% =1 —«(1 - L/D}?, (63)

where 1, is the critical value for the driving current I at transition. Expressions (63)
are represented by solid lines in figure 10. Also represented in figure 10(a) is the
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Ficurg 10. Comparison between theory (solid line) and experiments in case of pure pressure-
driven flows between conducting cylinders. O, @ = 45; A, Q@ = 107; @, @ = 376; +,Q = 1085.
Results deduced from Baylis’s experiments are shown by dashed lines.

empirical law deduced from Baylis’s experiments, and given by

J* /% = (I 1,)0%

over the range 0 < @ < 160. Experimental data of Tabeling & Chabrerie and Baylis
are found to be close together as shown in figure 10(a). It turns out that theory and
experiment are in moderate agreement for ¢ = 45, while in significant disagreement at
larger values of Q. This result contrasts with that obtained for the preceding flow, in
which experimental points are well fitted by theoretical curves over a large range of
values of @ (see §7.1). The present discrepancy between theory and experiment is
partly due to the fact that, even at moderate values of ¢, the harmonic content of the
flow is significant (as shown in § 6), so that the perturbation method loses accuracy in
the corresponding range of values of @, once (7'/T,)* — 1 ceases to be very small. There
are other possible reasons for the discrepancy: Volkov ef al. (1976) indicate that, for
¢ > 625, non-axisymmetric oscillatory modes are slightly more eritical than stationary
ones; also of importance is the onset of further instabilities, just above transition:
since significant distortion of the mean stream tends to develop only in thin regions
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near the outer cylinder (even at moderate values of @, as shown in § 6) the stationary
cellular flow may be expected to be unstable. Now, other types of supercritical
instabilities may be mentioned such as those emanating from the structure of the flow
itself, with regard to the large number of cells included in the system (from 40 to 60
cells in Tabeling and Chabrerie’s experiment).

8. Conclusion

The present study shows that nonlinear stability theory can be successfully extended
to a more general class of flows, such as those subjected to an external magnetic field.
In the case of Taylor-Couette flows between insulating cylinders, the good agreement
between theory and experiment strongly suggests that the onset of wavy vortices is
delayed by the magnetic field. One can conjecture that the sequences of instabilities
leading to turbulence is also affected by the external magnetic field. In the case of
electromagnetically driven flows, the situation appears to be more complex. Recent
measurements suggest that overstability plays an important role once magnetic field
effects become significant. However, additional information on the subject is clearly
required.
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